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FIG. 1: A Feynman Chessboard trajectory. The x-axis is hor-
izontal and the t-axis vertical. The sign of the contribution
changes every two corners in the trajectory. This is indicated
in the gure by the dierent line widths in the dierent seg-
ments.
Ising model, pointed out that the non-relativistic limit is
more straightforward if i is replaced by  i in (1). Kull
and Treumann[11] also noted that paths xed at both
ends have (R   1) degrees of freedom, so the R in (1)
may be replaced by (R  1) without interfering with the
continuum limit.
The formal analytic continuation involved in the chess-
board model is more subtle than in the non-relativistic
case. Note that the eect of i in (1) above is to partition
the sum into 4 components, i.e.:



























Each sum by itself is a weighted sum, a partition func-
tion for a random walk in which the term (m)
R
is just a
Boltzman weight. The interference of alternative paths
is a result of the two subtractions in (2). If we remove
the minus signs, the resulting propagator is related to the
Telegraph equation, which in turn becomes the diusion
equation in the `non-relativistic' limit[12]. The under-
lying stochastic model has been studied by Kac[13] and
its relation to the Dirac equation through analytic con-
tinuation has been discussed by Gaveau et. al.[14] and
Jacobson and Schulman[10]. The i which appears in (2)
just expresses K as a particularly convenient linear com-
bination of the real amplitudes 

. It does not represent
the formal analytic continuation of quantization which is,





which appears in (1) and the resulting subtractions
which appear in (2). Since it is the occurrence of the
minus signs in the propagator which is essential for inter-
ference we look for a physical basis for the subtractions.











FIG. 2: The Chessboard Trajectory of Fig. 1 and its Or-
thogonal Twin. This pair can be viewed as two osculating
Chessboard paths which never cross, or as a single entwined
loop which crosses itself frequently. The latter view explains
the phase shift of  for every two corners in the Chessboard
paths.
Regarding Fig(1) we can codify the counting and sub-
tractions involved in (2) by colouring the trajectories
with two colours, say blue and red. If the trajectories
start out blue, they change to red at the second corner,
return to blue at the fourth and so on. The sign of the
contribution of a trajectory is then determined by its
colour at the end point, + for blue, - for red. Red con-
tributions behave like antiparticles in that they reduce
the contribution of the particles, providing interference
eects. The ensemble of such coloured paths between a
and b provides the appropriate contribution to a quan-
tum propagator, but is not explicitly traversed as a sin-
gle path. What we would like to do is to sew together
the Chessboard paths in such a way that they may be
traversed by a single path which also provides the alter-
nating colours of the trajectories through the direction in
time of the traversal. If we can do this, then the subtrac-
tions in (2) become a measure of the dierence between
the number of particles and the number of `anti-particles'
in the system[15, 16, 17]. To this end, we note from Fig.
2 that each Chessboard path has an orthogonal twin.
The orthogonal twin starts from the origin moving in
the opposite direction with the opposite colour. It moves
the same distance as the second leg of its twin's path, re-
verses direction and moves the same distance as its twin's
rst leg. Twins meet at every second corner where they
both change colour. This is repeated until the twins meet
at or just after t
b
. The orthogonal twin is also a chess-
board path with colouring 180
o
out of phase with the
original.
Now consider the following `entwined' traversal of the
two paths. Follow the rst twin to the rst meeting, the
second to the second meeting and so on. This path is
blue from the origin to b. From b reverse the direction in
3t by proceeding down the remaining red sections. This
brings you back to the origin on an entirely red path.
Notice that this traversal gives a meaning to the origi-
nal Feynman colouring; the colouring corresponds to the
direction in time of an entwined path traversal. Blue
corresponds to forward in t, red to backwards. Note that
entwined pairs conserve charge if we associate opposite
charges with reversed time segments. Now each chess-
board trajectory in (2) has a unique orthogonal twin.
Let P
R












cordingly as the k-th step of the path is in a plus or
minus x-direction. For example, Chessboard paths with
R corners which start in the plus-x direction are of the
form (+; 
2
; : : : ; 
n
). If we dene a `leg' as a set of con-
tiguous steps all in the same direction and bounded by
either corners or ends of a path (i.e. a domain in the






; : : : ; l
R+1
)
with the understanding that l
1
stands for the rst leg, l
2
stands for the second and so on. We may then dene the

























) R even : (3)
The denition of the orthogonal twin for even R is cho-
sen to allow us to join it to its sibling by imposing a
corner at the end of the last leg, and adding a leg in
the new direction the same length as the last leg. Thus
paths with even R are extended by one leg to allow con-






with the signs of the 's ipped, the
ensemble, E
F
, of all n-step paths P
R
from the origin is




gin. Furthermore, this is the same as the ensemble of
paths of the form (+; 
2
; : : : ; 
n
) combined with all or-
thogonal twins. Thus we may cover all paths in E
F
, with
the correct Chessboard colouring, just by traversing all
entwined pairs. This may be done through a single con-
tinuous (in the sense of the lattice) path since all en-
twined loops intersect at the origin. Furthermore, en-
twined pairs xed at the origin and at time t
b
have the
same number of degrees of freedom as their individual
component Chessboard paths (i.e. R  1) and each pair
may be given the statistical weight (m)
R 1
which cor-
rectly weights the component Chessboard trajectories.
Thus the following classical stochastic process gives rise
to a properly weighted chessboard ensemble of coloured
paths. Start a random walk at the origin and allow the
walker to choose entwined paths according to the num-
ber of free corners, either in the entwined path or one
of the pairs. The walker traverses the entwined path as
above so as to maintain both the Chessboard and time-
sense colouring. The walker ends up at the origin at
the end of the traversal and repeats the process. The
FIG. 3: The sum of propagator components from the Chess-
board model (curve) and the single path simulation (points)
at t = 15 in units of .
space-time lattice records the net number of traversals
in the +t direction as the walker passes, by registering
a plus one for a positive traversal and a minus one for a
negative traversal, thus accumulating positive and neg-
ative integers. The traversal weighting ensures that the
constituent Chessboard paths have the correct expected
weight, and the ergodic nature of the walks insures that,
with enough loops, you can get as close as you like to a
uniform coverage of the ensemble.
If we allow a walker to cycle through the entwined
paths according to the above prescription, we can im-
mediately write down the expected net charge accu-
mulated on the lattice. If the walker loops over
N entwined pairs and (x; t) is a lattice point within
the light cone and t < t
b
then the contribution to





(x; t)). This is because an entwined
loop corresponds to two forward Chessboard paths, one
originating from a positive right moving source at the
origin and one originating from a negative left moving
source. Similarly the - component at (x; t) is propor-





Unlike the predecessors of this model[15, 16, 17] which
did not use bound pairs of trajectories in any way, this
new model is relatively easy to simulate on a lattice.
Fig.(3) shows an example of such a simulation. Plot-
ted is the sum of the real and imaginary parts of the
propagator expected from the Chessboard model at the
same lattice resolution (continuous curve) as the results
of a simulation with a single path which loops over the
lattice 10
8
times. At smaller values of t, the simulation
and the Chessboard model are indistinguishable on the
scale of the gure, at larger values of t the single path
gives sparser coverage of the chessboard ensemble and
the scatter increases.
The above result has several appealing features. The
rst feature is that we do not have to resort to quantum
mechanics or formal analytic continuation to arrive at
the 

of (2). The calculation shows that the Feynman
4propagator has an independent existence as an expected
net charge over an ensemble of entwined paths which can
be joined into a single trajectory. In this context, the
propagator has an underlying classical stochastic model
which is in eect self-quantizing.
A second feature is that the above observations unite
two perspectives on quantum mechanics by pointing out
a third. Regarding Fig. 2, there are three ways of viewing
the two trajectories. We can view them as two separate
chessboard trajectories, coloured according to Feynman's
corner rule. An ensemble of such trajectories would build
a quantum propagator as a sum-over-histories. This is
the view which allows us to calculate the propagator so
easily using previous work.
A second picture is to note that the two trajectories
form a chain of creation/annihilation events. An ensem-
ble of these would provide a vacuum of virtual particles
upon which an excitation could presumably propagate.
This is close to a eld theory perspective.
The third picture, which we favour, is the continuous
loop in space-time, coloured according to direction of mo-
tion in time. This provides a bridge between the previ-
ous two pictures. In this picture, the phase of the wave
function, `zitterbewegung', and the presence of virtual
particles are all manifestations of paths which form en-
twined space-time loops. Noticing that an ensemble of
orthogonal twins could be traversed in many ways and
still form a continuous space-time curve, an interesting
next step would be to see if a traversal scheme could be
found that would show the existence of a Born postulate
in the system. With the traversal suggested by the path
twins, there is already a form of wave function collapse
present, since if the particle is prevented from revisiting
its macroscopic past in space-time, the propagator has to
readjust, xing the wave function in the past light cone
while forcing the propagator in the future light cone to
be redrawn.
It is worth reiterating that although we have inter-
preted the above entwined-pair chessboard model in
terms of quantum mechanics it is not, as it stands, quan-
tum mechanics. The model is explicitly realist, we have
not quantized a classical system, and there is no ambigu-
ity as to what a wave function or propagator represents.
We do not have the interpretative problems of quantum
mechanics because the underlying microscopic dynamics
are xed and transparent. However, if we are to maintain
the realistic status of the model, we do not have the lux-
ury of measurement postulates either. If the model is to
provide more than just an algorithm for the calculation
of wave functions, then the measurement postulates must
have a direct basis in the dynamics themselves. This pos-
sibility is currently under investigation.
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